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Introduction: Common practice

Separate analysis - Stroke data

� 412 patients

� Outcome of interest:
Fugl–Meyer

van der Vliet, R., Selles, R. W.,
Andrinopoulou, etc (2020). Predicting upper
limb motor impairment recovery after stroke:
a mixture model. Annals of Neurology,
87(3), 383-393.

https://pubmed.ncbi.nlm.nih.gov/31925838/
https://pubmed.ncbi.nlm.nih.gov/31925838/
https://pubmed.ncbi.nlm.nih.gov/31925838/
https://pubmed.ncbi.nlm.nih.gov/31925838/
https://pubmed.ncbi.nlm.nih.gov/31925838/


Introduction: Extensions
Combined analysis - Cystic Fibrosis data

� 17,100 patients

� Outcomes of interest:
FEV1
BMI
weight-for-age
height-for-age
time-to first exacerbation

Andrinopoulou, E. R., Clancy, J. P., &
Szczesniak, R. D. (2020). Multivariate joint
modeling to identify markers of growth and
lung function decline that predict cystic fibrosis
pulmonary exacerbation onset. BMC
pulmonary medicine, 20, 1-11.

https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
https://pubmed.ncbi.nlm.nih.gov/32429862/
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Statistical Models: Multivariate Mixed Models

y1i(t) = m1i(t) + ε1i = x>
1i(t)β1 + z1i(t)>b1i + α. f{M2i(t)} + ε1i(t)

y2i(t) = m2i(t) + ε2i = x>
2i(t)β1 + z2i(t)>b2i + ε2i(t)

where

� α denotes the association
� M2i(t) denotes the history of the true unobserved longitudinal process up to
time point t
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y1i(t) = m1i(t) + ε1i = x>
1i(t)β1 + z1i(t)>b1i + α

∫ t

0
m2i(s)dt + ε1i(t),

y2i(t) = m2i(t) + ε2i = x>
2i(t)β1 + z2i(t)>b2i + ε2i(t),

where

� α denotes the association

Challenge: How to quantify the association between y1i(t) and y2i(t)?



Statistical Models

Let’s assume that we have a longitudinal and a survival outcome
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Ô Naive joint analysis

� Cox model using the last observation
� Time-dependent Cox model

Data is discarded!
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Ô Naive joint analysis

� Cox model using the last observation
� Time-dependent Cox model

Time-dependent Cox models are suitable only for exogenous covariates!
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Statistical Models: Joint Models

yi(t) = mi(t) + εi = x>
i (t)β + z>

i (t)bi + εi(t)
hi(t)=h0(t)[γ>wi+αmi(t)]

where
� α denotes the association
Shrinkage

Andrinopoulou, E. R.,& Rizopoulos, D. (2016). Bayesian shrinkage approach for a joint model of longitudinal
and survival outcomes assuming different association structures. Statistics in medicine, 35(26), 4813-4823.



Statistical Models: Joint Models

yi(t) = mi(t) + εi = x>
i (t)β + z>

i (t)bi + εi(t)

hi(t)=h0(t)[γ>wi+
J∑

j=1
αjfj{Mi(t)}]

where
� αj denotes the association
� Shrinkage

Andrinopoulou, E. R.,& Rizopoulos, D. (2016). Bayesian shrinkage approach for a joint model of longitudinal
and survival outcomes assuming different association structures. Statistics in medicine, 35(26), 4813-4823.

https://pubmed.ncbi.nlm.nih.gov/27383428/
https://pubmed.ncbi.nlm.nih.gov/27383428/
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Let’s assume that we have two longitudinal and a survival outcome



Statistical Models: Multivariate Joint Models

y1i(t) = m1i(t) + ε1i = x>
1i(t)β1 + z1i(t)>b1i + ε1i(t)

y2i(t) = m2i(t) + ε2i = x>
2i(t)β1 + z2i(t)>b2i + ε2i(t)

hi(t)= h0(t)[γ>wi + αS1f{M1i(t)}+ αS2f{M2i(t)}],

where
� αS1 and αS2 denote the associations



Statistical Models

What about the association between the longitudinal outcomes?
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What if we fit all functional forms



Simulations: Results
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Simulations

Let’s investigate a more complicated scenario



Simulations: Scenario

Simulate
Ô Outcome 1

Non linear time
Treatment
Value of outcome 2
Slope of outcome 2

Ô Outcome 2
Non linear time

Fit
Ô Outcome 1

Non linear time
Treatment
Value of outcome 2
Slope of outcome 2
Area of outcome 2

Ô Outcome 2
Non linear time



Simulations: Scenario

Simulate
Ô Outcome 1

Non linear time
Treatment
Value of outcome 2
Slope of outcome 2

Ô Outcome 2
Non linear time

Fit
Ô Outcome 1

Non linear time
Treatment
Value of outcome 2
Slope of outcome 2
Area of outcome 2

Ô Outcome 2
Non linear time



Simulations: Results

−0.5 1.0

Intercept1

fitAll

fitAll_shrink

0.0 1.5

Time11

fitAll

fitAll_shrink

−0.5 1.5 3.0

Time12

fitAll

fitAll_shrink

0 1 2 3

Time13

fitAll

fitAll_shrink

−1.0 0.0 1.0

Drug1

fitAll

fitAll_shrink

0.0 0.4 0.8

Value

fitAll

fitAll_shrink

2.0 3.0 4.0

Slope

fitAll

fitAll_shrink

−0.04 0.02

Area

fitAll

fitAll_shrink

3.2 3.6

Intercept2

fitAll

fitAll_shrink

−1.0 −0.4

Time21

fitAll

fitAll_shrink

−1.4 −0.6

Time22

fitAll

fitAll_shrink

−1.2 −0.6

Time23

fitAll

fitAll_shrink

Simulate Value and Slope (non linear)



Simulations: Results

−0.5 1.0

Intercept1

fitAll

fitAll_shrink

0.0 1.5

Time11

fitAll

fitAll_shrink

−0.5 1.5 3.0

Time12

fitAll

fitAll_shrink

0 1 2 3

Time13

fitAll

fitAll_shrink

−1.0 0.0 1.0

Drug1

fitAll

fitAll_shrink

0.0 0.4 0.8

Value

fitAll

fitAll_shrink

2.0 3.0 4.0

Slope

fitAll

fitAll_shrink

−0.04 0.02

Area

fitAll

fitAll_shrink

3.2 3.6

Intercept2

fitAll

fitAll_shrink

−1.0 −0.4

Time21

fitAll

fitAll_shrink

−1.4 −0.6

Time22

fitAll

fitAll_shrink

−1.2 −0.6

Time23

fitAll

fitAll_shrink

Simulate Value and Slope (non linear)



Simulations

Joint Models
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What if we fit all functional forms



Simulations: Results
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Simulations

Let’s combine everything
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Simulations: Results
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Software

What if we fit all functional forms



Software: R

Ô Joint models
� JMbayes, JMbayes2, JM
� joineR, joineRML
� frailtypack
� stan_jm
� lcmm
� bamlss
� JointAI

Ô Multivariate mixed models
� lcmm
� brms
� MCMCglmm
� JointAI
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Thank you for your attention!

The slides are available at: https://www.erandrinopoulou.com
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